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A B S T R A C T

An increment learning scheme based on fully-connected neural network is proposed to predict
the fatigue–crack growth in middle tension, M(T), specimens of 7B04 T6 aluminum and TA15
titanium alloy under constant amplitude stress. Usually, the measurement of fatigue–crack
growth rates is labor-intensive and time-consuming, and the dataset of fatigue–crack growth
is small. Neural networks with back-propagation algorithm are not good at training on small
dataset. Here we design network inputs which employ multiple increment information to
overcome this shortage. Given the first part data points of crack growth in a specimen, the
trained network can predict the rest for both aluminum alloy and titanium alloy without any
prior knowledge. The trained network learns the underlying rules in experimental data of crack
growth. Our method shows superiority to conventional fitting formulas and common neural
networks such as recurrent neural network and long short-term memory method. Our work
demonstrates the capacity of neural network and provides an alternative method to predict
fatigue–crack growth.

. Introduction

Fatigue–crack growth is an important and classic issue in materials science, especially in engineering mechanics. Small defects
ill develop into larger cracks under various kind of repeated loadings and eventually result in fracture when the crack length

eaches a critical size. To ensure the structural safety in service, damage tolerance design is proposed in which the fatigue–crack
rowth analysis should be conducted out. And the fatigue–crack growth rate is an important material property to be tested [1,2].
lot of efforts have been made to describe and predict rules of fatigue–crack growth.
Several kinds of functions are used to fit the nonlinear relation between the crack length 𝑎 and the loading cycle 𝑁 . Davies and

eddersen [3] used polynomial curves to fit crack growth curve (𝑎–𝑁 curve) with degree of polynomial from 2 to 7. Exponential
unction 𝑎 = 𝑎0e(𝛽𝑁) was proposed by Frost et al. [4,5] where 𝑎0 is the initial crack length and 𝛽 is fitting parameter. Fu and Gao [6]
ame up with a three-parameter power function for fitting 𝑎–𝑁 curve. The explicit expression is 𝑁 = 𝛽(𝑎−𝑎0)𝛼 where 𝑎0 is the fitted
nitial crack length and 𝛼, 𝛽 are two fitting parameters. Subsequently, fitting formulas with more parameters have been introduced,
uch as an improved version of power function include the given fatigue life 𝑁𝑓 as additional parameter [7], a three-parameter
odel with the given 𝑎0 and 𝑁𝑓 [8], and a four-parameter exponential function [9]. However, fitting methods are inflexible and
epend on human knowledge to a large extent. Furthermore, these methods fail to generalize to the problem of predicting nonlinear
–𝑁 curves (will be demonstrated in Section 3) because of different rule near fracture although they give high accuracy in fitting
roblem.
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Neural network-based methods are of great learning and generalization ability. So they have achieved enormous success in many
ndustry applications [10,11]. And Neural network (NN) also have been applied in many branches of physics researches such as
article physics, quantum many-body systems and statistical physics [12–19]. NN-based methods were also introduced to fatigue and
racture research areas in different topics such as S–N curves determination [20], stress intensity factor prediction [21], small cracks
ropagating properties via Bayesian networks [22], the useful life prediction [23–26], safety index estimation [27], corrosion damage
ssessment [28–30] and so on. Particularly, more and more NN-based methods have shown their capabilities and effectiveness in
atigue–crack growth rate prediction. Yasnii et al. [31] employ several machine learning methods including neural networks, boosted
rees, random forests, support-vector machines and k-nearest neighbors to study the influence of stress ratio (𝑅) and stress intensity

factor (𝐾) on the fatigue–crack growth rate in aluminum D16T alloy under regular loading. The prediction is in good agreement
with the experimental data with least error 3.2% (data on 𝑅 = 0.4 curve serves as test set) and 2.5% (randomly chosen 30% data
points as test set) reached by neural network. Mohanty et al. [32] trained a nine-layer neural network to simulate the crack growth
rate of aluminum alloys under six different stress ratios (𝑅 = 0, 0.2, 0.4, 0.6, 0.7.0.8) where the input layer receives stress intensity
factor range (𝛥𝐾), maximum stress intensity factor (𝐾max) and stress ratio 𝑅. The prediction of the crack growth rate under 𝑅 = 0.5
seems in good agreement with experimental data. Zhang et al. [33] utilized the radial basis function artificial neural network to
map 𝐾 and 𝑅 to fatigue–crack growth rate for different aluminum alloys under constant amplitude stress. The corresponding results
show better agreement with the experimental data than the other two models. Both Mohanty et al. and Zhang et al. used integration
method to get the predicted 𝑎–𝑁 curve. However, the calculated 𝑎–𝑁 curve had deviated from experimental data in both results.
Wang et al. [34] extended the research to three different machine learning algorithms including extreme learning machine, radial
basis function network and genetic algorithms optimized back propagation network. Wang compared the results of machine learning
algorithms with classical 𝐾∗ approach [35]. And extreme learning machine shows the best results for various materials in crack
growth rate prediction.

There exists few researches which directly predict 𝑎–𝑁 curve with NN based methods. Pidaparti and Palakal [36,37] applied
back-propagation NN to predict the crack length 𝑎 for various arbitrary aircraft spectrum loadings. The NN accepted various spectrum
loading characteristics (such as the number of cycles, minimum and maximum amplitude of each cycle) together with 12 crack-
growth lengths as inputs and the corresponding loading cycles as outputs. However, their results in test set were merely a qualitative
discussion without comparison to experimental data. Besides, they also developed another NN [37] fed with d𝑎∕d𝑁 , 𝛥𝐾, 𝑅 to predict
three material parameters in Walker’s fatigue–crack-growth equation. Do et al. [38] predict crack growth propagation by using long
short-term memory (LSTM) and multi-layer NN. The input and output data are crack tip locations at time step 𝑡 and 𝑡+ 1. The next
propagation of the crack was successfully forecasted compared with numerical approaches or experimental data.

Although 𝑎–𝑁 curve can be calculated via integration of d𝑎∕d𝑁 , efforts have to be made for good prediction of crack growth rate
because the error will be cumulated during integration process. And this approach needs data from several experimental settings.
It is difficult to directly predict crack growth with NN, especially for individual 𝑎–𝑁 curve, because the dataset of fatigue–crack
growth is usually small. And this is just NN’s weakness. In this paper, we can overcome these shortages for NN via designing NN’s
structure of inputs and employing multiple increment information. We only use the first part of raw experimental data on individual
𝑎–𝑁 curve to predict the rest for both 7B04 T6 aluminum and TA15 titanium alloy. The predictions of our NN-based increment
learning scheme are in good agreement with experimental data. So we succeed in predicting crack length based on individual curve
and improving the predicting accuracy. This can be used to reduce time and labor investment because determining crack growth
usually requires experiments which are always time-consuming and labor-intensive.

The rest of our paper proceeds as follows. In Section 2, an NN-based increment learning scheme is constructed. Subsequently,
predictions of 7B04 T6 aluminum and TA15 titanium alloy with our approach are presented in Section 3. We compare our predictions
with the results of simple multilayer perceptron, classical fitting methods and two recurrent NNs. Our conclusions are reported in
Section 4, together with a discussion.

2. Neural network-based increment learning scheme

Most of researches predicting fatigue–crack growth use information of several 𝑎–𝑁 curves including experimental data and
parameters. It is valuable to predict crack growth with experimental data which contain only crack sizes 𝑎 and loading cycles 𝑁
n individual 𝑎–𝑁 curve. Here we put forward an NN-based increment learning scheme for 𝑎–𝑁 curve prediction. Given the first
art of 𝑘 points (𝑁𝑖, 𝑎𝑖), 𝑖 ∈ [1, 𝑘] on individual 𝑎–𝑁 curve, we predict the residual part. Basically, this is a special task of function
xtrapolation. Although NN has great power in function fitting, we still need to design NN structures or to improve the form of
ataset in extrapolation problem with small dataset. We find that complex network structure cannot give satisfying predictions with
mall amount of data. So we enlarge dataset by including increment information.

Fig. 1(a) shows our network structure for fatigue–crack prediction. It is a fully connected multi-layer perceptron (MLP) which
onsists of an input layer with two neurons, an output layer with two neurons and a hidden layer with 2000 neurons. The relation
etween the performance of NN and the number of hidden neurons is discussed in Appendix D. All neurons in input layer are
onnected to all neurons in hidden layer. Similarly, all neurons in hidden layer are connected to all neurons in output layer.

As shown in Fig. 1(b), we arbitrarily choose an initial point and a target point from the first part of one 𝑎–𝑁 curve in training
stage. Then we feed the loading cycles of initial point 𝑁 and the increment of loading cycles between initial point and target point
𝛥𝑁 to two neurons in input layer respectively. After feed forward propagation, NN gets two outputs which represent the prediction

𝑝 𝑝
2

of crack length of initial point 𝑎 and the increment of crack length between initial point and target point 𝛥𝑎 . The experimental 𝑎
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Fig. 1. (a) The neural network structure of NN-based increment learning scheme with two inputs and two outputs. (b) Diagram of constructing dataset during
training process. (c) Diagram of constructing dataset during testing process. (d) Decrease of loss function of training and validation set during training.

and 𝛥𝑎 are used as labels to make comparison with the network outputs. The mean square error (MSE) is chosen as the loss function.
Both 𝑁 and 𝛥𝑁 are divided by 105 to match the best nonlinear region of the sigmoid activation function, (1 + 𝑒−𝑥)−1.

In testing stage, we input an arbitrary 𝑁 in training data and 𝛥𝑁 as the increment between the target testing data and training
ata as shown in Fig. 1(c). There are two ways to get the final prediction. Firstly, the summation of network outputs 𝑎𝑝 + 𝛥𝑎𝑝 is

used as prediction of crack length of the target testing point. In theory, the number of predictions for one target point is same
as the number of training data. The range of all predictions can be obtained between the maximum and minimum value of all
predictions. Here we use the mean value of all predictions as the final predicted crack length of the target testing point. The second
way is inputting 𝛥𝑁 = 0 and using the first neuron’s output 𝑎𝑝 as the final prediction of crack length of the target testing point. We
demonstrate both results in Section 3.

The underlying thought of NN is constructing a mapping between input and output. A popular usage is function fitting which
input independent features and output results. However, we add increments between arbitrary two points in this work. There are
two considerations. Most of all, there are two concepts that are important in NN-based model, accuracy and complexity. Usually,
more complex model can get higher accuracy when training dataset is large enough. However, the amount of data on individual
curve is not enough to train a complex network, so we can only use a simple network. In fact, increments contain the information
of higher derivatives. And this is the key of good predictions. Another consideration is enlarging training dataset. In our methods
we can make a 𝑞2 dataset with 𝑞 data points as shown in Fig. 1(b). Data is crucial for machine learning. The larger dataset usually
means the better ability of NN. Our method improves not only the quantity but also the quality of the training data, which ensure
good prediction precision.

As is well known, NN has excellent ability in function fitting. The universal approximation theorem [39] in machine learning
states a feed-forward neural network with a single hidden layer of arbitrary large number of neurons is able to approximately
represent any continuous function. This kind of enormous power can be performed only with appropriate parameters in NN. The
back-propagation algorithm is widely used to find proper parameters. Here we utilized it to tune our NN parameters. A well-trained
NN can predict 𝑎 and 𝛥𝑎 precisely. The MSE between NN outputs and labels can be quite small. Furthermore, we choose 1∕10 among
training set as validation set to judge whether the NN overfits or not. Fig. 1(d) shows the loss function of training and validation set
where the specimen parameters are maximum stress 𝜎max = 35.63MPa, stress ratio 𝑅 = 0.06 and initial crack length 𝑎0 = 6.15mm. It
takes only a few hundreds of epochs until both loss values approach zero. The loss values decrease rapidly because the experimental
𝑎–𝑁 curve seems smooth and the network has learned underlying rules behind data rapidly. The detailed computation rules are
3

described in Appendix A.
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Fig. 2. The diagram of M(T) specimen. The length unit is mm.

Table 1
Hyperparameters.

Type Hyperparameters Value

Training

Total step 30000
Optimizer Adam
Learning rate 0.001
Loss function MSE
Activation Sigmoid
Dropout 0.5
Batch size 16

Network structure
Input size 2
Output size 2
Hidden number 2000

3. Results and discussions

All data we used are obtained from experiments. The middle tension, M(T), specimens are used as shown in Fig. 2, fabricated from
plate cut from forged 7B04 T6 aluminum and TA15 titanium alloy, respectively. The sampling direction was L–T. A flaw with a
idth of 0.10 mm and a length of 6.00 mm was made at the center of the specimen using electrical discharge machining after drilling
centered hole with a diameter of 2.00 mm. The fatigue–crack growth test was performed on a 500kN-capacity servohydraulic MTS

esting machine at room temperature. The testing machine was closed-loop controlled by an external controller, MTS TestStar IIs,
n the load control mode with error within 1%. Axial load was applied in the form of sinusoidal wave with load frequency of 6.00
z. The specimen was symmetrical clamped with the gauge section length equal to 200.00 mm. Constant amplitude loads were
pplied and stepped down for precracking according to the method described in [1]. And precracking completed when the crack
ength 2𝑎 reached 15.00 mm. After that, the fatigue–crack growth test was conducted. The crack length was measured via a traveling
icroscope with grating scale. And the number of loading cycles and corresponding crack length were recorded with a crack growth

ncrement of 0.20–0.30 mm until the specimen fractured.
Here we use fatigue–crack growth data from 7B04 T6 aluminum alloy under sinusoidal stress with stress ratios 0.5 and 0.06, and

A15 titanium alloy with stress ratios 0.5, 0.06 and -1. We train the NN about 30000 epochs for each 𝑎–𝑁 curve. One epoch means
raining all the data in training set once. All hyper-parameters can be found in Table 1. Note that no learning rate scheduler and
arly stopping technology have been used during training since the experimental data show low noise level. We construct and train
ur NN model with Keras [40], a high-level open source API running on top of TensorFlow, CNTK, or Theano. The total training
ime of 30000 epochs based on our neural network model is roughly 3.81 h on a server equipped with NVIDIA P100 graphics
rocessing unit when number of trainable data on 𝑎–𝑁 curve is 55. Total training time on same training set based on personal
omputer equipped with 3.2 GHz Intel Core i7 is 4.48 h.

With different experimental parameters such as 𝑅, 𝑎0 and 𝜎max, our NN-based increment learning scheme proves its ability in
redicting crack length of 7B04 T6 aluminum alloy only from an individual 𝑎–𝑁 curve. Fig. 3 shows comparison of predictions
nd experimental data under different experimental parameters. The range of all predictions of testing set on each 𝑎–𝑁 curve is
epresented by green band. The MSEs in testing set are in the range of 0.09–0.40 as shown in Table 2. Even though NN have not
een the second half data on the curve during training, the predictions are still close to the experimental data since the ranges of
redictions are relative small. This indicates the trained NN possesses great learning and extrapolating ability. So our increment
earning scheme can learn the rule behind data. Note that our method also shows the robustness because we have changed 𝛥𝑁
andomly but found consistent predictions. This robustness holds for all 𝑎–𝑁 curves we used.

We also apply the same method to TA15 titanium alloy under different experimental parameters. The results are shown in Fig. 4.
nlike aluminum alloy, we only show the mean value of all predicted points in testing set here. The MSEs are in reasonable range
4

s shown in Table 2. Fig. 4 shows that our increment learning scheme can seize the trend of crack growth with high accuracy.
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Table 2
Numerical results.

Material Network structure Experimental parameters MSE

𝑅 𝜎max (MPa) 𝑎0 (mm)

Al Increment learning scheme

0.5
54.9 6.35 0.16
60.5 6.34 0.40
59.4 7.16 0.18

0.06
35.6 6.15 0.26
39.2 7.63 0.17
39.2 7.80 0.10

Ti Increment learning scheme

0.5 115.9 7.15 0.71

0.06 103.3 7.67 0.16
103.3 8.70 0.11

−1 63.8 7.81 1.31

Al MLP 0.5 59.4 7.16 18.80
0.06 35.6 6.15 24.23

Al Power function fitting 0.5 59.4 7.16 6.92
Exponential function fitting 13.17

Al RNN 0.06 35.6 6.15 57.13
LSTM 49.24

The rule behind titanium alloy is deemed to be different with aluminum alloy [41,42]. Thus the results on 7B04 T6 aluminum and
TA15 titanium alloy prove our NN method’s applicability on different alloy. The relationship between crack growth rate d𝑎∕d𝑁 and
tress intensity factor range 𝛥𝐾 has also been investigated and corresponding results are shown in Appendix B. Besides, we further
nvestigate the relation between the accuracy of prediction and the training range in Appendix C.

For further validation, we observe the outputs when the input 𝛥𝑁 = 0. This is the second way to get the predicted crack length
f testing data. In this circumstance, we expect the output 𝛥𝑎 approaches 0 and get predictions of 𝑎–𝑁 curve from the first neuron’s
utput directly. The results are shown in Fig. 5. The output 𝛥𝑎 is in 10−3 order of magnitude, which is small compared with 𝑎. The
esults imply that we find a new way to map the loading cycles 𝑁 to crack length 𝑎 with aid of increment information of 𝛥𝑁 and 𝛥𝑎
uring training. Note that NN with one input and one output neuron fail to seize the trend of crack growth as shown in Figs. 6(a)
nd (b). The MSE is almost 100 times larger than our NN with increment information (see Table 2).

Furthermore, we compare our NN-based increment learning scheme with function fitting methods in predicting 𝑎–𝑁 curve. We
ake 𝑎 = 𝑎0+(𝑁∕𝛽)1∕𝛼 as fitting function, where 𝛽 and 𝛼 are two parameters. 𝛽 and 𝛼 are obtained from fitting the first part of curve
nd used to predict the rest. We also take 𝑎 = 𝑎0e(𝛽𝑁) [4,5] as fitting function and 𝛽 is parameter. Predicting results are shown in
igs. 6(c) and (d). The corresponding MSEs are shown in Table 2. The MSEs are 6.92 for Fig. 6(c) and 13.17 for Fig. 6(d). Both
alues are much larger than that obtained by increment learning scheme for the same aluminum alloy specimen, which is 0.18.
herefore the fitting method is unsatisfactory for predicting 𝑎–𝑁 curve. In our opinion, machine learning approach can provide
ood predictions because it is task-oriented so we do not need to give the explicit function expression in advance and just let NN
o learn the rules behind experimental data automatically. Hence, machine learning method is more flexible.

Figs. 6(e) and (f) show results of other two popular networks including recurrent neural network (RNN) and LSTM in area of
ime series predictions. The window length is set to 3 for both RNN and LSTM. And the number of trainable data points varies from
5 to 55, which restrict the window length. Because the larger the window is, the smaller training set we can get. For example, If
e get 𝑀 trainable data points and the window length is 𝐿, the size of training set is 𝑀 − 𝐿 + 1. As shown in Figs. 6(e) and (f),
oth RNN and LSTM fail to predict the trend of crack growth. In our opinion, the reason is that the correlation length (here is the
indow length which equals 3) is too short for 𝑎–𝑁 curve. Window length as 5 and 10 are also tried and bring no improvement.

n contrast, NN-based increment learning scheme can seize multiple correlations between trainable data points because we use
ncrements between arbitrary training points during training. This is another advantage of our method.

. Conclusions

In this work, an NN-based increment learning scheme is developed to predict fatigue–crack growth for both 7B04 T6 aluminum
nd TA15 titanium alloy. Multiple increment information is introduced to improve both quantity and quality of dataset. Our results
how this method can learn from the first part of individual 𝑎–𝑁 curve and make satisfactory predictions of the rest. This indicates
he increment learning scheme can seize the rules behind experimental data. Compared with MLP, function fitting method, RNN
nd LSTM, increment learning scheme gives much better predictions.

By combining multiple increments which include information of higher derivatives and the great power of NN, NN-based
ncrement learning scheme achieves high accuracy with a simple network based on small dataset. This method provides a feasible
ay to predict crack length, which can reduce labor and time costs in crack propagation experiments. Our work also reveals the
bility of NN not only in function fitting but also in monotonic function extrapolation like 𝑎–𝑁 curve, and may pave the way to a
ide variety of monotonic function predicting problem.

In future studies, NN-based increment learning scheme could be trained with random part of individual 𝑎–𝑁 curve and applied
o predict the rest. Higher order increments such as 𝛥𝑁2 and 𝛥𝑁3 will be embedded into inputs. This may improve predicting
5

ccuracy even further.
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Fig. 3. The predictions of 𝑎–𝑁 curves for 7B04 T6 aluminum alloy compared with experimental data under different experimental parameters (stress ratio 𝑅,
maximum stress 𝜎max and initial crack length 𝑎0). Red dots represent experimental data. The shaded blue and green bands represent the predicting ranges for
each points of training set and testing set, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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e

Fig. 4. The predictions of 𝑎–𝑁 curves for TA15 titanium alloy compared with experimental data under different experiment parameters. Red dots represent
xperimental data. Green lines are the mean NN prediction of testing set.

Fig. 5. Prediction results of 𝑎–𝑁 curves for aluminum alloy by inputting 𝛥𝑁 = 0. Red dots represent the experimental data. The blue and green lines represent
NN prediction for training and testing data, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Appendix A. Feed forward computation of NN and Back Propagation Algorithm

Here we denote input layer neurons as 𝐼𝑖, hidden layer neurons as 𝐻𝑗 and output layer neurons as 𝑂𝑘, where 𝑖 ∈ {1, 2},
𝑗 ∈ {1,… , 2000} and 𝑘 ∈ {1, 2}. Note that each neuron in Fig. 1(a) obeys identical computational rules. For the sake of clearness,
we denote output before activation and after activation with superscript 𝛼 and 𝛽 respectively. As shown in Fig. 1(a), the learning
algorithm can be represented as follows:

(1). Firstly, feed 𝑁 and 𝛥𝑁 to input layer. Each neuron receives an input quantity (𝐼 = 𝑁 , 𝐼 = 𝛥𝑁).
7
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7

Fig. 6. (a) and (b) Predictions for 7B04 T6 aluminum alloy using a fully connected neural network with one input and one output. (c) and (d) Predictions for
B04 T6 aluminum alloy with two-parameter power function 𝑎 = 𝑎0 + (𝑁∕𝛽)1∕𝛼 and one-parameter exponential function 𝑎 = 𝑎0e(𝛽𝑁). (e) and (f) Predictions using

RNN and LSTM for 7B04 T6 aluminum alloy.

(2). Secondly, calculate the output of each neuron in hidden layer

𝐻𝛼
𝑗 =

2
∑

𝑖=0
𝑊 ℎ

𝑖𝑗 𝐼𝑖. (A.1)

where 𝑊 ℎ
𝑖𝑗 denotes the weights which connect input layer and hidden layer. Note that we set 𝐼0 = 1 and 𝑊 ℎ

0𝑗 denote bias of the 𝑗th
neuron in hidden layer. Then transfer this output through an activation function 𝛷(⋅)

𝐻𝛽 = 𝛷(𝐻𝛼). (A.2)
8
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In our model, 𝛷(⋅) is a sigmoid function, which is

𝛷(𝑧) = (1 + 𝑒−𝑧)−1. (A.3)

This step is applied for all neurons in hidden layer.
(3). Thirdly, calculate the output of each neuron in output layer where we use no activation function

𝑂𝛽
𝑘 = 𝑂𝛼

𝑘 =
2000
∑

𝑗=0
𝑊 𝑜

𝑗𝑘𝐻
𝛽
𝑗 . (A.4)

where 𝑊 𝑜
𝑗𝑘 denotes weights from layer to output layer as above and similarly, 𝑊 𝑜

0𝑘 denote the bias of the 𝑘th neuron in output layer
where 𝐻𝛽

0 = 1.
(4). Finally we can get the empirical error 𝐸 as the mean square error(MSE) for all data between NN actual outputs 𝑂𝛽

𝑘 where
𝑘 ∈ {1, 2} and labels 𝑎 and 𝛥𝑎 which can be denote it as 𝐿𝑘 for pithiness.

𝐸 =
∑

all data

2
∑

𝑘=1
(𝑂𝛽

𝑘 − 𝐿𝑘)2. (A.5)

Most neural networks use back-propagation algorithm [43] to adjust weights and bias through back-propagating local error of
each neuron to the previous layer and then calculating weights and biases changes. The connection weight 𝑊 is renewed as

𝑊𝑗𝑘 = 𝑊 − 𝛼 𝜕𝐸
𝜕𝑊𝑗𝑘

(A.6)

where 𝛼 is learning rate controlling the step length of gradient descent. It is also an important hyper-parameter in NNs. Using the
chain rule, 𝜕𝐸∕𝜕𝑊 can be calculated as

𝜕𝐸
𝜕𝑊𝑗𝑘

= 𝜕𝐸
𝜕𝑂𝛽

𝑘

𝜕𝑂𝛽
𝑘

𝜕𝑊𝑗𝑘
= 𝜕𝐸

𝜕𝑂𝛽
𝑘

𝜕𝑂𝛽
𝑘

𝜕𝑂𝛼
𝑘

𝜕𝑂𝛼
𝑘

𝜕𝑊𝑗𝑘
(A.7)

Then we plug 𝛷(𝑧) = (1 + 𝑒−𝑧)−1 into above equation and get

𝜕𝐸
𝜕𝑊𝑗𝑘

= (𝑂𝛽
𝑘 − 𝐿𝑘)𝛷(𝑂𝛼

𝑘)(1 −𝛷(𝑂𝛼
𝑘))𝐻

𝛽
𝑗 (A.8)

As for weights 𝑊𝑖𝑗 between input layer and hidden layer, we can utilize the same strategy except for changing empirical error
𝐸 to local error 𝛿 which can be computed by 𝜕𝑂𝛼

𝑘∕𝜕𝐻
𝛽
𝑗 .

The feed-forward and back-propagation process will continue until empirical error is within acceptable range which can be called
as convergence.

Appendix B. Crack growth rate v.s. stress intensity factor range

Further results of crack growth rate d𝑎∕d𝑁 v.s. stress intensity factor range 𝛥𝐾 are shown in Fig. B.7(a) and (b). The crack
growth rate d𝑎∕d𝑁 for experiment data is calculated using first-order Euler difference method with revised crack length �̄�,

( 𝑑𝑎
𝑑𝑁

)

�̄�
=

𝑎𝑖+1 − 𝑎𝑖
𝑁𝑖+1 −𝑁𝑖

, (B.1)

where 𝑎 is the revised mean crack length calculated via (𝑁𝑖, 𝑎𝑖) and (𝑁𝑖+1, 𝑎𝑖+1),

�̄� =
𝑎𝑖+1 + 𝑎𝑖

2
. (B.2)

The stress intensity factor range 𝛥𝐾 for can be calculated by

𝛥𝐾 = 𝛥𝜎
√

𝜋�̄� sec 𝜋�̄�
𝑊

= 𝜎max(1 − 𝑅)
√

𝜋�̄� sec 𝜋�̄�
𝑊

. (B.3)

where 𝑊 is the width of specimen.
The d𝑎∕d𝑁 calculation for our NN method is directly input a properly small 𝛥𝑁 and calculate 𝛥𝑎∕𝛥𝑁 using the NN output 𝛥𝑎.

Since our NN’s inputs naturally conclude 𝛥𝑁 and NN’s outputs conclude 𝛥𝑎, we can easily get more accurate derivative of each
datapoint by setting 𝛥𝑁 small enough and calculating 𝛥𝑎∕𝛥𝑁 , rather then using difference method such as Euler methods. The
stress intensity factor range 𝛥𝐾 can be calculated using the NN output 𝑎𝑝

𝛥𝐾 = 𝛥𝜎
√

𝜋𝑎𝑝 sec
𝜋𝑎𝑝
𝑊

= 𝜎max(1 − 𝑅)
√

𝜋𝑎𝑝 sec
𝜋𝑎𝑝
𝑊

. (B.4)
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Fig. B.7. The d𝑎∕d𝑁-𝛥𝐾 results in log–log coordinate. Red dots are calculated by first-order Euler difference method with experimental data. Blue circles and
green upper triangles show the training and testing results calculated by NN respectively.

Fig. C.8. The relation between the MSE of test set and the trainable range for three aluminum alloys and one titanium alloy under different experimental
parameters as shown in the legend.

Appendix C. Reasonable training range

In this section, we investigate the influence of training range in order to determine the reasonable range of training data which
can give relatively accurate predictions. The relation between the MSE of test set and range of training data is shown in Fig. C.8.
We use three aluminum alloys and one titanium alloy with different 𝑅, 𝜎max and 𝑎0 to illustrate this relation. At first, the MSEs
of test set decrease rapidly with the increase of training range for all four specimens until the trainable ratio reaches about 0.35
(different specimens may differ slightly). After the trainable ratio reaches about 0.5, the MSEs for all specimens tend to be same
and approach a small and stable value. So we use 0.5 as an example to interpret our NN-based increment learning scheme in the
main body of this paper.

Appendix D. Influence of the number of hidden neurons

The relation between the MSE of test set and the number of hidden neurons has been investigated for two specimens of aluminum
alloys with different 𝑅, 𝜎max and 𝑎0. At first, the MSE of test set decreases rapidly along with increase of the number of hidden
neurons. After the number of hidden neurons reaches about 2000, the decrease of the MSE begins to slow down. And the MSE of
test set finally approaches a small value. This result is shown in Fig. D.9. We use 2000 hidden neurons in our NN which can give
an accurate prediction together with acceptable training time. In this work, the number of parameters in NN is larger than the
size of training set. The topic of over-parametrization has been widely discussed in machine learning area. Over-parametrization
plays an important role not only in powerful expressiveness [39,44], but also in better generalization ability [45–49] and faster
convergence [50]. Our results also show better accuracy on test set with more hidden neurons.
10
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l
𝑎

R

Fig. D.9. The relation between MSE of test set and the number of hidden neurons for two aluminum alloys under different experimental parameters. The blue
ine shows result of specimen with 𝑅 = 0.06, 𝜎max = 35.63 MPa, 𝑎0 = 6.15 mm. And the red dash–dot line shows result of specimen with 𝑅 = 0.5, 𝜎max = 59.4 MPa,
0 = 7.16 mm.
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